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The formalism to augment the classical models of equation of state for real gases with the quantum
statistical effects is presented. It allows an arbitrary excluded volume procedure to model repulsive
interactions, and an arbitrary density-dependent mean field to model attractive interactions. Vari-
ations on the excluded volume mechanism include van der Waals (VDW) and Carnahan-Starling
models, while the mean fields are based on VDW, Redlich-Kwong-Soave, Peng-Robinson, and Clau-
sius equations of state. The VDW parameters of the nucleon-nucleon interaction are fitted in each
model to the properties of the ground state of nuclear matter, and the following range of values is
obtained: a = 330 − 430 MeV fm3 and b = 2.5 − 4.4 fm3. In the context of the excluded-volume
approach, the fits to the nuclear ground state disfavor the values of the effective hard-core radius of a
nucleon significantly smaller than 0.5 fm, at least for the nuclear matter region of the phase diagram.
Modifications to the standard VDW repulsion and attraction terms allow to improve significantly
the value of the nuclear incompressibility factor K0, bringing it closer to empirical estimates. The
generalization to include the baryon-baryon interactions into the hadron resonance gas model is
performed. The behavior of the baryon-related lattice QCD observables at zero chemical potential
is shown to be strongly correlated to the nuclear matter properties: an improved description of the
nuclear incompressibility also yields an improved description of the lattice data at µ = 0.
PACS numbers: 25.75.Gz, 25.75.Ag, 21.65.Mn
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I. INTRODUCTION
Real gas is a system of particles which interact re-
pulsively at small distances and attractively at in-
termediate distances. A first-order phase transition
takes place in such a system, which is a well-known
phenomenon present in many different molecular sys-
tems. Historically, a cubic equation of state1 has often
been used to describe the thermodynamic equilibrium
in the real gas. The well-known example of such a
model is the famous van der Waals (VDW) equation
of state [1, 2]
p(T, V,N) =
TN
V − bN − a
(
N
V
)2
, (1)
where a > 0 and b > 0 are the VDW parameters which
describe, respectively, the attractive and the repulsive
interactions between particles. The VDW equation
(1) was formulated in 1873, and for his work van der
Waals obtained the 1910 Nobel Prize in Physics. The
first term in (1) describes the short-range repulsive
1 A cubic equation of state is the one which can be written
as a cubic function of molar volume Vm, or, equivalently, of
specific volume v = V/N .
interactions by means of the excluded volume (EV)
correction, whereby the system volume is substituted
by the available volume, i.e. V → V − bN . The pa-
rameter b is the EV parameter. It can be related to the
classical hard-core radius of a particle as b = 16pir3/3.
The second term describes the attractive interactions
in the mean-field approximation, characterized by the
attraction parameter a. The VDW equation has un-
derwent many different generalizations of its repulsive
and attractive terms. These had allowed to improve
the description of the thermodynamic equilibrium in
the vicinity of the phase transition and critical point
(CP) for many different molecular systems. Some of
these models are considered in the present paper, and
will be described in details below.
Recently, the VDW equation (1) was transformed
to the Grand Canonical Ensemble (GCE) [3], and
then generalized to include the effects of quantum
statistics [4, 5]. These modifications have opened up
the possibility to apply the VDW equation in nu-
clear/hadronic physics, where the numbers of differ-
ent particle species are usually not conserved, and
where the quantum statistical effects are often non-
negligible. In particular the nuclear matter – a
hypothetical infinite system of interacting nucleons
– was rather successfully described by the VDW
model (see [4]). This kind of a nuclear matter de-
scription is rather different from the models which are
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2based on the relativistic mean-field theory, such as
the Walecka model [6, 7] and its various generaliza-
tions (see, e.g., Refs. [8–10] for an overview). One
notable difference is the absence of the effective mass
concept in the VDW model.
The fit of the fermionic VDW equation to the
ground state properties of the symmetric nuclear mat-
ter at the normal nuclear density n0 = 0.16 fm
−3 has
yielded the following values of the VDW parameters:
a ' 329 MeV fm3 and b ' 3.42 fm3 [4]. However, as
will be detailed below, the VDW model yields a rather
stiff equation of state, with the nuclear incompressibil-
ity factor K0 notably higher than the available empir-
ical estimates. Thus, it is important to check whether
these a and b values are robust, in the sense that they
really correctly characterize the first interaction term
in the virial expansion. To clarify this question, differ-
ent classical equations of state for real gases, consis-
tent with the VDW equation in the low-density limit,
are considered. Augmented with the quantum statisti-
cal effects, they provide a reasonable description of the
nuclear matter properties. A novel formalism, which
allows to include the quantum statistical effects into
the real gas models, is introduced. It can be applied
to a real gas model which contains an arbitrary EV
mechanism as well as an arbitrary density-dependent
mean field.
The simplicity of the presented approach allows to
include the VDW-like interactions into the hadron res-
onance gas (HRG) model of the hadronic equation of
state with relative ease. The first step in that direc-
tion was already performed in Ref. [11], where the
VDW interactions between all (anti)baryons were in-
cluded in the framework of the standard VDW equa-
tion. The parameters a and b were fixed to the ground
state of nuclear matter. A very strong effect of the
VDW interactions on the temperature dependencies
of various fluctuations of conserved charges at zero
baryochemical potential, µB = 0, was reported. A
generalization to arbitrary forms of the EV and of
the density-dependent mean field is performed in the
present work. Strong correlation between the behav-
ior of the baryon-related HRG observables and the
nuclear matter properties is demonstrated. This sug-
gests an intriguing possibility to see the effects of
the VDW-like interactions between hadrons in lattice
QCD [12, 13] simulations, as well as in the fluctuation
measurements in heavy-ion collision experiments.
The paper is organized as follows. Classical equa-
tions of state of real gases, which are considered in
the present work, are listed in Sec. II. A quantum sta-
tistical generalization for an arbitrary real gas fluid is
elaborated in Sec. III. In Sec. IV the real gas mod-
els are applied to the description of the symmetric
nuclear matter. A comparable analysis of the differ-
ent real gas models is presented. An extension of the
HRG model to include the baryonic interactions in
the framework of the real gas models is described in
Sec. V. A summary in Sec. VI closes the article.
II. CLASSICAL EQUATIONS OF STATE OF
REAL GASES
Classical equations of state for real gases are listed
in this section. These equations are written in terms
of the pressure p as a function of the temperature T
and the particle density n. They are subsequently
used in the present work.
A. van der Waals
The first model under consideration is the afore-
mentioned van der Waals equation of state (1)
p(T, n) =
Tn
1− bn − an
2, (2)
which is rewritten here as the pressure in terms of the
temperature T and the particle density n ≡ N/V .
Over the years, many modifications of the original
VDW equation were developed. This concerns both
the attractive term and the repulsive term. Modi-
fications to the attractive term include the addition
of an explicit dependence on the repulsion parameter
b, and also a temperature dependence of the attrac-
tion parameter a. The present work deals with the
the nuclear matter at low temperatures, including the
T = 0 region. For this reason the possibility of the
T -dependent parameter a is omitted in the present
paper.
B. Redlich-Kwong-Soave
One historically well-known modification of the
VDW equation is the Redlich-Kwong equation of
state [14] with the Soave modification [15]. The clas-
sical equation of state for this RKS model reads
p(T, n) =
Tn
1− bn −
an2
1 + bn
. (3)
The parameter a is temperature-dependent in the
original formulation of the RKS equation. As men-
tioned above, such a possibility is not considered in
the present work. Thus, the parameter a is taken to
be temperature independent.
3C. Peng-Robinson
Another popular modification is the Peng-Robinson
(PR) equation of state [16]. The PR pressure reads
p(T, n) =
Tn
1− bn −
an2
1 + 2bn− (bn)2 . (4)
D. Clausius
Finally, the model based on the Clausius equation
is also considered
p(T, n) =
Tn
1− bn −
an2
(1 + cn)2
. (5)
In general, this is a three-parameter model. The pa-
rameter c has the unit of volume. Unless stated oth-
erwise, only the two-parameter models are considered
in the present work, i.e. one assumes c ≡ b. Note also
that the parameter a is temperature dependent in the
original Clausius model: typically it is inversely pro-
portional to T . Similar to the previous two models,
this temperature dependence is omitted in the present
work.
E. Carnahan-Starling modification of the
repulsive term
The first term in Eqs. (2)-(5) corresponds to the
VDW excluded volume correction. It is clear that the
maximum value of the particle density (packing limit)
in such a model is restricted from above: bn < 1. The
VDW repulsive term can be improved. One simple but
powerful modification is the Carnahan-Starling (CS)
model formulated in 1969 [17]. The pressure in the
CS model reads
pcs(T, n) = Tn
1 + η + η2 − η3
(1− η)3 , (6)
where η = bn/4 = 4pinr3/3 is the so-called packing
fraction – the fraction of the total system volume oc-
cupied by the total cumulative volume of all finite-
sized spherical particles in the system. The relation
(6) gives a very good approximation of the pressure of
the thermodynamic system of particles with the clas-
sical hard sphere interaction. It gives an adequate
description of the hard spheres equation of state up
to much higher densities compared to the standard
VDW model. Recently this model was successfully
used in some hadronic physics applications [18–20].
Substituting the first term in Eqs. (1)-(5) with
pcs(T, n) (6) one obtains four additional real gas mod-
els: the VDW-CS, RKS-CS, PR-CS, and Clausius-CS
models.
It is clear that the models with the CS repulsive
term have a packing limit of bn < 4, which is larger
than in the models with the VDW repulsive term. The
only exception is the PR-CS model, where due to the
presence of a pole in the denominator of the attraction
term one has a lower limit bn < 1 +
√
2.
It is evident that all considered models reduce to the
VDW equation in the low-density limit. More specif-
ically, they all coincide up to the 2nd order virial ex-
pansion. All of the models also predict the existence
of the liquid-gas phase transition and of the associated
CP. With regards to the critical behavior in the vicin-
ity of the CP they all fall into the universality class
of the mean field theory. However, quantitative dif-
ference between the models is non-negligible at high
densities, in particular in the vicinity of the CP and/or
in the liquid phase.
III. QUANTUM STATISTICAL
FORMULATION
A. Free energy
The classical equations of state listed in the previ-
ous section are all formulated in the canonical ensem-
ble (CE). They are given in terms of the pressure p
as a function of the temperature T and the particle
density n ≡ N/V . This knowledge of the equation of
state, however, is insufficient to obtain full thermody-
namic information about the system. In particular,
it gives no information about the mass or the degen-
eracy of the particle. The reason for this is that the
T , V , and N variables are not the natural variables
for the pressure function. The thermodynamical po-
tential in the CE is the free energy F (T, V,N), and
for a complete thermodynamic description one has to
reconstruct this quantity. The free energy satisfies the
following equation:(
∂F
∂V
)
T,N
= −p(T, V,N). (7)
All models under consideration can be described by
the free energy of the following form
Fcl(T, V,N) = F
id
cl (T, V f(η), N) +N u(n), (8)
where F idcl is the free energy of the corresponding ideal
gas, and where the subscript cl corresponds to the
classical (Maxwell-Boltzmann) statistics. As before,
4η = bn/4 and n ≡ N/V . The function f(η) quantifies
the fraction of the total volume which is available for
particles to move in at the given value of the pack-
ing fraction (density) η. Evidently, it has to take the
values in the range 0 < f(η) ≤ 1. The quantity u(n)
in (8) is the self-consistent density-dependent mean
field2. The u(n) describes the attractive interactions
in the models under consideration.
Taking the derivative of Fcl(T, V,N) with respect to
the volume [Eq. (7)], one obtains the following general
expression for the CE pressure
pcl(T, n) =
nT
f(η)
[f(η)− η f ′(η)] + n2 u′(n), (9)
where the relation [∂F idcl (T, V,N)/∂V ]T,N = −nT
was used.
Comparing (9) with the equations of state listed
in Sec. II one can reconstruct the functions f(η) and
u(n) for all models. Depending on the EV model one
obtains the following for f(η):
1. van der Waals EV
f(η) = 1− 4η.
2. Carnahan-Starling EV
f(η) = exp
(
− (4− 3η)η
(1− η)2
)
.
The list of different possibilities for u(n) is the fol-
lowing:
1. van der Waals
u(n) = −an.
2. Redlich-Kwong-Soave
u(n) = −a
b
log(1 + bn).
3. Peng-Robinson
u(n) = − a
2
√
2b
log
(
1 + bn+
√
2bn
1 + bn−√2bn
)
.
4. Clausius
u(n) = − an
1 + cn
.
2 Technically, the u(n) is the mean total energy of attractive
interactions per particle.
B. Quantum statistics
The classical equations of state for real gases do
not include quantum statistical effects. This is usu-
ally not a problem for the description of the liquid-
vapour equilibrium in molecular systems for which
these models were originally designed. However, in
the nuclear matter the situation is very different: the
ground state of nuclear matter is located at T = 0 and
the critical temperature is Tc = 15− 20 MeV. In this
range the effects of Fermi statistics are crucial, and
the application of a classical model will lead to un-
physical results, such as the negative values of the en-
tropy density (see [4] for details). The VDW equation
with Fermi statistics was formulated in Ref. [4]. To
my knowledge, similar formulations for other real gas
models are presently missing. Following Ref. [4], one
can list some general conditions that a quantum statis-
tical generalization of the classical VDW-like equation
of state must satisfy:
1. It should be transformed to the ideal quantum
gas at a = 0 and b = 0.
2. It should be equivalent to the corresponding
classical equation of state in a region of the ther-
modynamical parameter values where the quan-
tum statistical effects can be neglected.
3. The entropy should be a non-negative quantity
and go to zero at T → 0.
The following ansatz for the free energy of the quan-
tum statistical equation of state of a real gas is as-
sumed: the F (T, V,N) has the form given by Eq. (8),
i.e.
F (T, V,N) = F id(T, V f(η), N) +N u(n), (10)
but here the F id(T, V,N) is the free energy of the
corresponding quantum ideal gas. It is evident that
the first two conditions are satisfied by construction.
Note that the exact analytic form of F id(T, V,N) is
not specified here. As will be seen below, the present
calculations do not require this. In order to check the
third condition one can calculate the entropy. Such a
calculation yields
S(T, V,N) = −
(
∂F
∂T
)
V,N
= Sid(T, V f(η), N), (11)
where Sid(T, V,N) is the entropy of the corresponding
ideal quantum gas. The S(T, V,N) is always non-
negative and goes to zero at T → 0. Thus, the model
satisfies the third condition. Other quantities in the
5CE can be obtained by the standard thermodynamic
relations. In particular one can calculate the energy
E(T, V,N) = F + TS = Eid(T, V f(η), N) +N u(n),
(12)
the pressure
p(T, V,N) = −
(
∂F
∂V
)
T,N
= pid(T, V f(η), N) [f(η)− η f ′(η)]
+ n2 u′(n), (13)
and the chemical potential
µ(T, V,N) =
(
∂F
∂N
)
T,V
= µid(T, V f(η), N)
− b
4
f ′(η) pid(T, V f(η), N)
+ u(n) + nu′(n). (14)
All intensive quantities in the CE depend only on
the temperature T and the particle density n in the
thermodynamic limit. Thus, one can write these
quantities as the following
p(T, n) = pid
CE
(
T,
n
f(η)
)
[f(η)− η f ′(η)] + n2 u′(n),
(15)
s(T, n) =
S
V
= f(η) sid
CE
(
T,
n
f(η)
)
, (16)
ε(T, n) =
E
V
= f(η) εid
CE
(
T,
n
f(η)
)
+ nu(n), (17)
µ(T, n) = µid
CE
(
T,
n
f(η)
)
− b
4
f ′(η) pid
CE
(
T,
n
f(η)
)
+ u(n) + nu′(n), (18)
where the functions with the superscript id and the
subscript CE denote the corresponding CE functions
of the ideal quantum gas.
For the particular case of the VDW equation, the
presented quantum statistical formulation is mathe-
matically equivalent to the ones previously proposed
in Refs. [4, 5]. Note that the obtained CE pressure
(15) is now different from the classical CE pressure (9)
because of the quantum statistical effects. Equation
(15) reduces to (9) whenever the Boltzmann approxi-
mation is applied.
C. Grand canonical ensemble
In the CE, the number of particles N is an indepen-
dent variable, and this number is fixed exactly in each
microscopic state. On the other hand, the number
of different hadron species is usually not conserved in
the hadronic physics applications. In this case it is
often more convenient to work in the grand canon-
ical ensemble (GCE), where only an average num-
ber of particles is fixed. This value is regulated by
the chemical potential µ. The particle density there-
fore becomes a function of T and µ in the GCE, i.e.
n = 〈N〉/V = n(T, µ). The GCE pressure p(T, µ), ex-
pressed as a function of its natural variables T and µ,
contains the complete information about the system.
Both the CE and the GCE are equivalent for cal-
culating the averages in the thermodynamic limit.
This thermodynamic equivalence of ensembles, how-
ever, does not extend to the fluctuations. For exam-
ple, the GCE formulation allows to calculate the par-
ticle number fluctuations in the vicinity of the CP,
which by definition are absent in the CE. The GCE
formulation also allows a generalization to the multi-
component hadron gas, where the numbers of different
hadronic species are not conserved. This opens new
applications in the physics of heavy-ion collisions and
QCD equation of state (see Sec. V below).
To the best of my knowledge, the GCE formulation
has been missing in the literature even for the classi-
cal (Maxwell-Boltzmann) real gas equations of state.
Thus, the GCE formulation of the quantum statistical
real gas models is briefly described in this subsection.
The thermodynamic equivalence of ensembles with
regards to the averages will be employed to transform
the models for the equation of state of real gases from
the CE to the GCE. First, the following notations are
introduced:
p∗ = pid
CE
(
T,
n
f(η)
)
, n∗ = nid
CE
(
T,
n
f(η)
)
, (19)
s∗ = sid
CE
(
T,
n
f(η)
)
, µ∗ = µid
CE
(
T,
n
f(η)
)
, (20)
where the ideal gas functions correspond to the CE.
From the expression for the µ∗ it follows that
n
f(η)
= nid(T, µ∗), (21)
where nid(T, µ∗) is the GCE ideal gas density at the
temperature T and chemical potential µ∗. It then
follows from (21) that
p∗ = pid (T, µ∗) , n∗ = nid (T, µ∗) , s∗ = sid (T, µ∗) ,
(22)
where all the ideal gas functions now correspond to
the GCE. The corresponding ideal gas relations are
listed in Appendix A.
6Using Eqs. (15)-(18) one can now write all the ther-
modynamic quantities for the equation of state of a
real gas in the GCE
p(T, µ) = [f(η)− η f ′(η)] pid(T, µ∗) + n2 u′(n), (23)
s(T, µ) = f(η) sid(T, µ∗), (24)
ε(T, µ) = f(η) εid(T, µ∗) + nu(n), (25)
n(T, µ) = f(η)nid(T, µ∗). (26)
In the above equations it is always implied that n ≡
n(T, µ). It is evident from Eqs. (23)-(26) that once the
“shifted” chemical potential µ∗ = µ∗(T, µ) is known
for the given T and µ, all the other quantities can be
determined. Indeed, first the n(T, µ) is calculated by
numerically solving Eq. (26). Then the calculation of
all other quantities is straightforward. The µ∗(T, µ)
itself is obtained as the solution to the following tran-
scendental equation
µ = µ∗ − b
4
f ′(η) p∗ + u(n) + nu′(n). (27)
This equation follows from Eq. (18).
The algorithm for the calculations within the GCE
is the following: (i) at a given T -µ pair Eq. (27) is
solved numerically to determine the µ∗; (ii) all other
quantities are calculated using Eqs. (23)-(26); (iii) if
there are multiple solutions to Eq. (27) for a given T -
µ pair, then the solution with the largest pressure is
chosen, in accordance with the Gibbs criterion.
The possible appearance of multiple solutions to
Eq. (27) at a given T -µ pair is related to the irreg-
ular behavior of the VDW-like isotherms below the
critical temperature Tc of the first-order phase transi-
tion. The application of the Gibbs criterion in such a
case is equivalent to the Maxwell construction of equal
areas in the CE (see Ref. [4] for more details).
In the particular case of the VDW equation with
a = 0 one obtains µ∗ = µ − b p and p(T, µ) =
pid(T, µ − b p). This reproduces the GCE excluded
volume model formulated in Ref. [21].
It should be noted that the present formalism is
not restricted exclusively to the real gas models. In
fact, it can be applied to any system for which the free
energy can be written in the form given by Eq. (10). In
particular, the density dependent mean field u(n) does
not necessarily have to be attractive, but can contain
both attractive and repulsive interactions. Similarly,
the presence of the EV corrections is a possibility, but
not a necessity of this formalism.
IV. NUCLEAR MATTER
In this section the quantum statistical models of
the equation of state for real gases are applied to de-
scribe the properties of the symmetric nuclear mat-
ter. Namely, the Fermi gas of nucleons (with mass
m ∼= 938 MeV and (iso)spin degeneracy d = 4) is con-
sidered. At the same time, the formation of the nu-
cleon clusters (i.e., ordinary nuclei) will be neglected.
The attractive and repulsive interactions between nu-
cleons are described by the VDW-like parameters a
and b, respectively. Eight different real gas models,
listed in Sec. II, are employed: the VDW, RKS, PR,
Clausius, VDW-CS, RKS-CS, PR-CS, and Clausius-
CS models. The description of the nuclear matter
properties is an important first step. In particular, it
allows to obtain the restrictions on the values of the
interaction parameters a and b. This step has to be
considered before further applications to the physics
of the hadron resonance gas model, the QCD equation
of state, or heavy-ion collisions can be performed.
A study of nuclear matter is certainly not a new
subject. The thermodynamics of nuclear matter and
its applications to the production of the nuclear frag-
ments in heavy ion collisions were considered in Refs.
[22–27] in 1980s (see Ref. [28] for a review of these
early developments). Nowadays, the properties of nu-
clear matter are described by many different mod-
els, particularly by those which employ the relativistic
mean-field theory [7, 29–32]. Earlier, the EV correc-
tions had already been considered in the mean-field
models, where they were added on top of the repul-
sive force described by the ω meson exchange [21, 33],
or on top of the Skyrme-type density dependent re-
pulsive mean field [34]. In the present work, however,
the repulsive forces are described solely by the EV
corrections.
Experimentally, the presence of the liquid-gas phase
transition in nuclear matter was first reported in
Refs. [35–37] by indirect observations. The direct
measurements of the nuclear caloric curve were first
done by the ALADIN collaboration [38], and were
later followed by other experiments [39, 40].
A. Fits to the ground state of nuclear matter
Each of the eight models under consideration con-
tains two VDW-like parameters a and b. The values
of these parameters need to be fixed. In molecular
systems, these parameters are usually fixed in order
to reproduce the experimentally known location of the
CP. A different strategy is employed for the nuclear
matter: the parameters a and b are fixed to reproduce
7the properties of nuclear matter in its ground state.
At T = 0 and n = n0 ∼= 0.16 fm−3 one has p = 0
and ε/n = m+ E/A ∼= 922 MeV (see, e.g., Ref. [41]).
Here E/A ∼= −16 MeV denotes the binding energy
per nucleon. Once the parameters a and b are fixed,
the location of the CP of the nuclear liquid-gas tran-
sition becomes a prediction of the model, which can
be compared to the experimental estimates.
The following values of parameters a and b were ob-
tained in Ref. [4] from the fit to the nuclear ground
state within the VDW model: a ∼= 329 MeV fm3 and
b ∼= 3.42 fm3. The values of a and b, however, can
be different for other real gas models. While all con-
sidered real gas models are consistent with the VDW
equation in the low-density limit (n n0), the ground
state of nuclear matter which is used to fix the pa-
rameters cannot be considered as belonging to the
low-density limit. Indeed, at n = n0 = 0.16 fm
3
the resulting packing fraction η0 = b n0/4 ' 0.14 is
larger than the half of the VDW packing limit of 0.25.
Because the pressure in the classical VDW excluded
volume model rises sharply at large densities, the ap-
plicability of the model may be doubtful in that re-
gion. The VDW model does predict reasonable values
of the critical temperature Tc ∼= 19.7 MeV and the
critical density nc ∼= 0.072 fm−3. However, the model
itself appears to give a rather stiff equation of state.
This stiffness can be characterized by the nuclear “in-
compressibility” factor K0 = 9 (∂P/∂n)T , calculated
at the normal nuclear density. The VDW model gives
K0 ∼= 763 MeV, a value significantly higher than the
recent empirical estimate of 250 − 315 MeV [42], or
a value of about 550 MeV obtained in the standard
Walecka model [9]. Thus, it is evident that extensions
of the VDW model are needed. Application of the
Carnahan-Starling EV model is particularly interest-
ing in that regard. It is known to have a significantly
higher applicability range in the classical physics com-
pared to the VDW excluded volume model.
The values of the VDW parameters a and b ob-
tained from the fit to the ground state of nuclear
matter within eight different models of real gases, as
well as the resulting incompressibility K0, are listed
in Table I. The density dependence of the binding en-
ergy per nucleon E/A at zero temperature is shown
in Fig. 1. The modifications to the attractive and re-
pulsive VDW terms affect strongly the resulting val-
ues of the incompressibility factor: among all of the
considered models, the K0 is the largest in the VDW
model. The K0 attains systematically smaller values
whenever the Carnahan-Starling EV model is used in-
stead of the VDW excluded volume model. This is
expected: the CS model provides a softer equation
of state. As seen in Fig. 1, the softest equation of
state is given by the Clausius-CS model. This model
yields K0 = 333 MeV, which is the smallest value
among all of the considered models. This value is still
larger than the recently reported empirical range of
250 − 315 MeV [42], however, it is in a much better
agreement compared to the original VDW model.
The CS modification has the advantage over the
VDW excluded volume model regarding the high-
density behavior. In particular, the problems with
causality, typical for the standard VDW excluded vol-
ume approach at high densities, may only emerge at
significantly higher densities in the CS model. Thus,
the CS modification extends the applicability range
of a real gas model. Similar conclusion was obtained
in Ref. [19] for a high-temperature Boltzmann gas of
hadrons.
The present formalism also allows to consider a real
gas model with more than two interaction parame-
ters. For example, the original Clausius/Clausius-CS
model contains three interaction parameters: a, b, and
c. By relaxing the assumption c ≡ b, employed in
the present work, one can improve the description of
the K0, and of other nuclear matter properties. For
instance, the three-parameter Clausius model yields
K0 ' 315 MeV for a = 437 MeV fm3, b = 2.14 fm3,
c ' 1.64 b = 3.51 fm3, and K0 ' 250 MeV for
a = 472 MeV fm3, b = 1.73 fm3, c ' 2.74 b =
4.74 fm3. Similarly, the three-parameter Clausius-CS
model gives K0 ' 315 MeV for a = 431 MeV fm3,
b = 2.66 fm3, c ' 1.17 b = 3.11 fm3, and K0 '
250 MeV for a = 469 MeV fm3, b = 2.03 fm3,
c ' 2.20 b = 4.47 fm3. Real gas models with more
than two interaction parameters will be considered in
more details elsewhere.
The values of the VDW-like parameters a and b
depend on the model used to fix them. The VDW
model yields a ' 329 MeV fm3. This is the smallest
value of the attraction parameter among all consid-
ered models. The Clausius-CS and PR-CS models do
a better job in describing the K0. These models yield
a = 420 − 430 MeV fm3. This suggests that the fit
of the nuclear ground state within the standard VDW
model underestimates the value of a, at least in the
context of the low-density virial expansion.
The situation regarding the eigenvolume parame-
ter b is somewhat more complicated. The modifica-
tions to the VDW attraction term lead to smaller
values of b. On the other hand, the CS modifica-
tion of the repulsive term leads to larger values of
b. The resulting range of values obtained in this work
is b = 2.50− 4.43 fm3.
Whenever the EV corrections are used in the
hadronic physics applications, the corresponding
hard-core radius of a hadron is discussed. Normally,
8Table I: The values of the VDW-like parameters a and b, the values of the resulting nuclear incompressibility, and the
properties of the CP of nuclear matter. These quantities are listed for eight different real gas models. The corresponding
empirical estimates, as well as the results of the Walecka model, are listed as well.
Model a (MeV fm3) b (fm3) K0 (MeV) Tc (MeV) nc (fm
−3) pc (MeV/fm3) Zc = pcnc Tc
VDW 329 3.42 763 19.7 0.072 0.52 0.37
RKS 374 2.94 518 18.2 0.064 0.40 0.34
PR 408 2.82 443 17.1 0.061 0.33 0.32
Clausius 407 2.50 390 17.5 0.059 0.33 0.32
VDW-CS 347 4.43 601 18.6 0.070 0.47 0.36
RKS-CS 394 3.50 421 17.4 0.061 0.35 0.33
PR-CS 433 3.37 359 16.2 0.057 0.29 0.31
Clausius-CS 423 2.80 333 16.9 0.056 0.30 0.32
Walecka [43] – – 551 18.3 0.065 0.43 0.36
Experiment [42, 44] – – 250− 315 17.9± 0.4 0.06± 0.01 0.31± 0.07 0.29
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Figure 1: The nucleon number density dependence of
the binding energy per nucleon E/A in the symmetric nu-
clear matter calculated within eight different models of real
gas at T = 0. The thin lines denote calculations within
the four models with the VDW excluded volume term,
i.e. they correspond to the VDW (solid black line), RKS
(dashed red line), PR (dash-dotted blue line), and Clausius
(dotted orange line) models. The thick lines correspond to
the models with the Carnahan-Starling excluded volume
term.
the classical relation b = 16pir3/3 between the hard-
core radius and the eigenvolume parameter is used for
this purpose. For nucleons, the values in the range r =
0.3−0.8 fm had been reported in the literature [45–51].
The range b = 2.50−4.43 fm3 obtained in the present
work corresponds to r = 0.53 − 0.64 fm. The values
in this range are notably higher than the r ' 0.3 fm
value, estimated for a nucleon from the NN -scattering
data, and used in, e.g., in Refs. [47, 50, 51]. One has
to keep in mind, however, that the above relation be-
tween b and r is inherently classical one, without any
quantum-mechanical effects. The quantum mechani-
cal calculation of the 2nd virial coefficient for systems
with the hard-core repulsion [52, 53] suggests larger
values of the parameter b at lower temperatures. The
classical limit, on the other hand, is only reached at
very high temperatures. For nucleons, these temper-
atures may be much higher than those in the nuclear
matter region. In that respect, the r value used in the
classical relation should be regarded only as an ef-
fective hard-core radius. It should also be noted that
the effects of the many-body interactions are expected
to be important at the normal nuclear density. It is
feasible that “large” values of r, extracted from the
properties of the nuclear ground state, mimic some of
these effects. The fits to the nuclear ground state per-
formed in this work appear to disfavor the values of
the effective hard-core radius of nucleon smaller than
0.5 fm, at least for the nuclear matter region of the
phase diagram. Still, it is possible that further mod-
ifications to the models may lead to smaller values of
r.
B. Phase diagram and the liquid-gas transition
All of the considered models predict the presence
of the first-order nuclear liquid-gas phase transition
which ends at the CP. The model predictions for
the critical temperature Tc, the critical density nc,
the critical pressure pc, and the critical compress-
ibility ratio Zc = pc/(nc Tc), are listed in Table I.
Also listed are the predictions of the Walecka model
(taken from [43]), as well as the recent experimen-
tal estimates of Ref. [44]. The phase transition lines
µ = µmix(T ) are exhibited in Fig. 2. For the clarity
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Figure 2: The lines of the first-order liquid-gas phase
transition in the T -µ plane calculated within the VDW
(black dash-dotted thin line), VDW-CS (solid black line),
RKS-CS (red dashed line), PR-CS (dash-dotted blue line),
and Clausius-CS (dotted orange line) models. The open
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cations of the critical point in different models are denoted
by the solid colored circles.
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Figure 3: The correlation between the values of the criti-
cal temperature Tc of the nuclear liquid-gas transition and
the incompressibility factor K0 within the real gas models.
of presentation, some of the models are omitted from
Fig. 2. For each model, the line starts from the nu-
clear ground state with T = 0 and µ0 = 922 MeV,
and it ends at the CP. At each point of the phase
transition line, two solutions with different particle
densities and with equal pressures exist. These two
solutions correspond, respectively, to the gas and to
the liquid phase. All of the considered models give
a rather similar picture for the liquid-gas phase tran-
sition. The critical temperature varies in the range
Tc = 16.2−19.7 MeV, with the highest value achieved
in the VDW model. The critical density values are in
the range 0.06-0.07 fm−3. The values of Tc and nc
are in a reasonably good agreement with the recent
experimental estimates of Ref. [44]. The critical pres-
sure appears to be rather notably overestimated by
the VDW model, which yields pc = 0.52 MeV/fm
3.
This value is in contrast to the experimental estimate
of pc = 0.31±0.07 MeV/fm3. The Clausius-CS model,
on the other hand, yields pc = 0.30 MeV/fm
3, which is
in a good agreement with this estimate. It is notable
that the Clausius-CS model also yields the best de-
scription of the nuclear incompressibility factor among
the considered models.
The values in Table I clearly suggest a presence of
the correlation between the critical parameters Tc, nc,
pc and the incompressibility factor K0. Higher values
of Tc, nc, and pc generally correspond to higher values
of the K0. This trend is illustrated in Fig. 3, where the
correlation between Tc and K0 is plotted. Our result
is in line with the findings reported in Refs.[39, 54–56],
and, more recently, in Ref. [57], where a much more
systematic study on this subject within the relativistic
mean field models was presented.
C. Nucleon number fluctuations
In the GCE, the number of particles fluctuates be-
tween different microscopic states, and only the av-
erage number can be fixed. These fluctuations, espe-
cially their higher order moments, provide an informa-
tion about the finer details of the equation of state.
Typically, they are characterized by the following di-
mensionless cumulants (susceptibilities),
χn =
∂n(p/T 4)
∂(µ/T )n
. (28)
Studies of the event-by-event fluctuations in high
energy nucleus-nucleus collisions are presently actively
being used to uncover the properties of the strongly
interacting matter (see, e.g. Refs. [58–60]), in partic-
ular, in the context of the search for the QCD crit-
ical point [61, 62]. The higher-order (non-Gaussian)
measures of the fluctuations of conserved charges were
suggested to study the QCD phase structure. Exper-
imentally, the search for the CP is in progress. The
higher moments of the net-proton and net-charge mul-
tiplicity distributions in Au+Au collisions were re-
cently measured by the STAR collaboration for the√
s
NN
= 7.7 − 200 GeV energy range [63–65]. How-
ever, no definitive conclusion regarding the existence
and location of the QCD CP has been obtained yet.
The following volume-independent cumulant ratios
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Figure 4: The contour plots for (a)-(b) scaled variance ω[N ] = χ2/χ1, (c)-(d) skewness Sσ = χ3/χ2, and (e)-(f) kurtosis
κσ2 = χ4/χ2 calculated for the symmetric nuclear matter in (T, µ) coordinates within the VDW equation of state (left
panels) and the Clausius-CS equation of state (right panels). The light blue (white) colors correspond to the regions
where the scaled variance is small, ω[N ]  1, and where the Sσ and κσ2 attain significant negative values. The dark
blue (black) colors correspond to the regions where the scaled variance, skewness, and kurtosis are close to the Poisson
expectation, i.e. ω[N ] ' 1, Sσ ' 1, and κσ2 ' 1. The red and yellow (gray) colors correspond to the regions where the
scaled variance is large ω[N ] 1, and where the Sσ and κσ2 attain significant positive values. The open circle at T = 0
denotes the ground state of nuclear matter, the solid circle at T = Tc corresponds to the CP, and the phase transition
curve µ = µmix(T ) is depicted by the thick solid line.
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are particularly useful
ω[N ] =
χ2
χ1
=
〈(∆N)2〉
〈N〉 , (29)
Sσ =
χ3
χ2
=
〈(∆N)3〉
〈(∆N)2〉 , (30)
κσ2 =
χ4
χ2
=
〈(∆N)4〉 − 3〈(∆N)2〉2
〈(∆N)2〉 , (31)
where ∆N ≡ N − 〈N〉, the 〈(∆N)2〉, 〈(∆N)3〉, and
〈(∆N)4〉 are the central moments, and where 〈. . .〉
denotes the ensemble averaging. These cumulant ra-
tios are called the scaled variance ω[N ], skewness Sσ,
and kurtosis κσ2. Their behavior in the vicinity of
the CP was calculated in various effective QCD mod-
els [66–68]. It is understood that the behavior of these
quantities in the vicinity of the CP is governed by the
universality. This implies that qualitatively this be-
havior should be the same for all models with a CP
which belong to the same universality class. The crit-
ical behavior in nuclear matter, in particular concern-
ing the critical exponents, was previously studied in
Refs. [43, 56, 70].
Lately, these fluctuation measures were calculated
for the symmetric nuclear matter within the VDW
equation with Fermi statistics for nucleons [69]. Qual-
itative features of the critical fluctuations, obtained in
that work, are consistent with effective QCD models
as well as with the analytic results of the classical
VDW equation [71]. It is, however, instructive to in-
vestigate the robustness of these results by consider-
ing different models of the symmetric nuclear matter.
Present results already show very different possibili-
ties for the values of the incompressibility factor K0
between different real gas models. Will a similarly
sensitive behavior be seen in the cumulants?
The GCE formulation of the real gas mod-
els (Sec. III) allows to calculate the 2nd and higher
order cumulants of the particle number fluctuations.
This section shows the results for ω[N ], Sσ, and κσ2,
obtained within two representative models: the VDW
model and the Clausius-CS model. Results obtained
within the other considered models lie roughly “in-
between” these two.
The results of the calculations for the scaled vari-
ance ω[N ] = χ2/χ1, skewness Sσ, and kurtosis κσ
2
are exhibited in Fig. 4. The two models give qualita-
tively similar fluctuation patterns for all three observ-
ables. Since these were previously considered in great
details in Ref. [69], their description is not repeated
here. These fluctuation patterns near the CP are con-
sistent with the model-independent universality argu-
ments regarding the critical behavior in the vicinity
of the QCD critical point [66, 72]. The patterns are
also fully consistent with the analytic predictions of
the classical VDW equation [71]. The similarity of
the results between the VDW and Clausius-CS mod-
els illustrates the universality of the critical behavior
with actual quantitative model calculations.
The biggest quantitative differences are observed in
the liquid phase at low temperatures, and also in the
crossover region above the CP. These differences are
more pronounced for higher moments. Thus, the vari-
ations in EV and mean-field mechanisms are impor-
tant mainly for the liquid phase.
V. FROM NUCLEAR MATTER TO HRG
The real gas models can describe some of the ba-
sic properties of the nuclear matter. The simplicity
of the approach, however, does no justice to the com-
plexity of the many-body nucleon interactions. The
mean field models, based on the relativistic mean-
field theory or on the Skyrme approach, are likely
preferable for a better quantitative description of the
many involved nuclear matter properties (see [8, 9]
for an overview). On the other hand, the present
approach allows a straightforward generalization to a
multi-component hadron gas. This, in turn, opens
new applications in the physics of heavy-ion collisions
and QCD equation of state.
To illustrate the latter point, let us consider a sim-
ple generalization of the ideal HRG model which al-
lows to include the VDW-like interactions between
baryons in the framework of a real gas model. Fol-
lowing Ref. [11], it is assumed that the baryon-baryon
and antibaryon-antibaryon interactions are the same
as the nucleon-nucleon interaction. At the same time,
the baryon-antibaryon, meson-baryon, and meson-
meson interactions are explicitly omitted. The result-
ing model consists of three independent sub-systems:
Non-interacting mesons, interacting baryons, and in-
teracting antibaryons. Due to the assumed similarity
between baryon-baryon and nucleon-nucleon interac-
tion, the real gas models can be straightforwardly gen-
eralized to the case of a multi-component HRG. The
total pressure reads
p(T,µ) = pM (T,µ) + pB(T,µ) + pB¯(T,µ), (32)
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Figure 5: The temperature dependence of (a) the scaled pressure p/T 4, (b) the scaled energy density ε/T 4, and the
net baryon number susceptibilities (c) χB2 and (d) χ
B
4 /χ
B
2 . Calculations are done within the Ideal-HRG model (dashed
black lines), the VDW-HRG model (dash-dotted blue lines), and the Clausius-CS-HRG model (solid red lines). The
parameters a and b for the VDW-HRG and Clausius-CS-HRG models are listed in Table I. The recent lattice QCD
results of the Wuppertal-Budapest [74, 76, 77] and the HotQCD/Bielefeld-BNL-CCNU [75, 78] collaborations are shown,
respectively, by symbols and green bands.
with
pM (T,µ) =
∑
j∈M
pidj (T, µj) (33)
pB(T,µ) = [f(ηB)− ηB f ′(ηB)]
∑
j∈B
pidj (T, µ
B∗
j )
+ n2B u
′(nB), (34)
pB¯(T,µ) = [f(ηB¯)− ηB¯ f ′(ηB¯)]
∑
j∈B¯
pidj (T, µ
B¯∗
j )
+ n2B¯ u
′(nB¯), (35)
where M stands for mesons, B for baryons, and B¯
for antibaryons, pidj is the Fermi or Bose ideal gas
pressure, µ = (µB , µS , µQ) are the chemical potentials
which regulate the average values of the net baryon
number B, strangeness S, electric charge Q, and
nB(B¯) =
∑
i∈B(B¯)
ni, and ηB(B¯) =
b
4
∑
i∈B(B¯)
ni,
(36)
are, respectively, the total density and the packing
fraction of all (anti)baryons. The total density of
baryons, nB , satisfies the equation
nB = f(ηB)
∑
i∈B(B¯)
nidi (T, µ
B¯∗
i ) (37)
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and the shifted chemical potentials, µB∗i , are given by
µB∗i − µi = ∆µB
=
b
4
f ′(ηB)
∑
j∈B
pidj (T, µ
B∗
j )
− u(nB)− nBu′(nB). (38)
The numerical solution to Eq. (38) allows to ob-
tain ∆µB . This allows to calculate all other quan-
tities in the baryon subsystem. The same procedure
is applied for the antibaryon subsystem. Calculations
in the mesonic sector are straightforward. The list
of hadrons included in the HRG model includes all
strange and non-strange hadrons which are listed in
the Particle Data Tables [73] and have a confirmed
status there (see [11] for more details).
Clearly, the model is rather simplistic. Neverthe-
less, it does allow to include the essential features of
the nuclear matter physics into the hadronic equation
of state. Unlike Ref. [11], where the nuclear matter de-
scription was restricted to the standard VDW model,
here an arbitrary EV fraction, f(η), and an arbitrary
density-dependent mean-field, u(n), are allowed. This
allows to study possible correlations between the be-
havior of the HRG observables and the nuclear mat-
ter properties. The thermodynamic properties of the
HRG at zero chemical potential are considered as an
example.
In this section, calculations are performed within
two models: the VDW-HRG model, where baryon-
baryon interactions are described by the standard
VDW equation, and the Clausius-CS-HRG model,
where the EV interactions are described by the CS
model and where the attraction is taken in the Clau-
sius form. The parameters a and b for both models
were already fixed by the nuclear ground state prop-
erties in the previous section, and their values are
listed in Table I. The calculations performed within
the standard ideal HRG model are also shown for com-
pleteness.
The temperature dependencies of the scaled pres-
sure p/T 4 and the scaled energy density ε/T 4 are
shown in the upper panels of Fig. 5. The calcula-
tions are performed at zero chemical potentials, i.e.
µB = µQ = µS = 0. These results are compared to
the lattice QCD data of the Wuppertal-Budapest [74]
and of the HotQCD [75] collaborations. The inclu-
sion of the baryon-baryon interaction terms leads to a
modest suppression of the pressure and of the energy
density at high temperatures T & 175 MeV. The re-
sult is quite similar in both, VDW-HRG and Clausius-
CS-HRG models. This suppression slightly improves
the agreement with the lattice data. However, the
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Figure 6: The temperature dependence of the χB6 /χ
B
2
susceptibility ratio for the net baryon number fluctua-
tions. Calculations are done within the Ideal-HRG model
(dashed black lines), the VDW-HRG model (dash-dotted
blue lines), and the Clausius-CS-HRG model (solid red
lines). The parameters a and b for the VDW-HRG and
Clausius-CS-HRG models are listed in Table I. The recent
lattice QCD results of the Bielefeld-BNL-CCNU collabo-
ration [78] are shown by the green band.
pressure and the energy density are not very sensi-
tive to the details of baryon-baryon interactions, es-
pecially at the lower temperatures. This is not surpris-
ing: the matter is meson-dominated at µB = 0, and
the mesonic contributions dominate over the baryonic
ones for these two observables.
On the other hand, the baryon-related observables,
such as the net-baryon number fluctuations (sus-
ceptibilities), can certainly be expected to be more
sensitive to the modeling of the baryonic interac-
tions. The ith order susceptibility is defined as χBi =
∂i(p/T 4)/∂(µB/T )
i. Due to the baryon-antibaryon
symmetry, only the even order susceptibilities are non-
zero at µB = 0. The calculations for the χ
B
2 and for
the kurtosis ratio χB4 /χ
B
2 are shown in the lower panels
of Fig. 5. The baryon-baryon interactions have strong
effect on both observables. Both the VDW-HRG and
Clausius-CS-HRG models predict an inflection point
in the temperature dependence of χB2 . This is at odds
with the ideal HRG model, but consistent with the
lattice data. The quantitative agreement with the lat-
tice data in the crossover region (T ∼ 140−170 MeV)
is much better in the Clausius-CS-HRG model than
in the VDW-HRG model or in the ideal HRG model.
This is an interesting observation since the Clausius-
CS-HRG model also leads to a much improved de-
scription of the nuclear matter incompressibility: K0
of 333 MeV in the Clausius-CS-HRG model versus
762 MeV in the VDW-HRG model. Similarly, a drop
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of the χB4 /χ
B
2 ratio, seen in lattice simulations, is bet-
ter reproduced by the Clausius-CS-HRG model than
by other considered models.
The lattice QCD calculations for the sixth-order
χB6 /χ
B
2 cumulant ratio for the net baryon num-
ber fluctuations had recently been presented by the
Bielefeld-BNL-CCNU collaboration [78]. This ratio
shows a non-monotonic temperature dependence in
the crossover region (Fig. 6). A non-monotonic de-
pendence is also predicted by both VDW-HRG and
Clausius-CS-HRG models. The lattice data is de-
scribed better by the Clausius-CS-HRG model.
These results show that the behavior of the baryon-
related lattice QCD observables correlates strongly
with the properties of nuclear matter: a model with
an improved description of K0 also leads to an im-
proved description of the temperature dependence of
χBi at zero chemical potential.
VI. SUMMARY
The present work introduces a formalism to aug-
ment the classical models of equation of state for real
gases with the quantum statistical effects. This for-
malism can be generalized in a relatively straightfor-
ward manner to the multi-component systems.
A distinct novel feature of this work is the quantum
statistical generalization of an arbitrary EV model.
In particular, the present formalism generalizes the
Carnahan-Starling EV model to include the quantum
statistics. The importance of the missing quantum
statistical effects in the Carnahan-Starling model was
previously pointed out in Ref. [19]. The Carnahan-
Starling model allows to improve the description of
the nuclear matter properties, and of the lattice QCD
data.
The quantum statistical real gas models are shown
to give a fairly good description of the basic proper-
ties of the symmetric nuclear matter. A family of only
two-parameter VDW-like models is considered in the
present work, where the short-range repulsive inter-
actions are modeled with the EV correction while the
attractive interactions are described by the density-
dependent mean-field. Variations on the repulsive EV
term include the VDW and Carnahan-Starling mod-
els, while the considered attractive terms are based on
the VDW, Redlich-Kwong-Soave, Peng-Robinson, and
Clausius equations of state. The combination of the
two different EV terms with the four different attrac-
tion terms gives the total of eight VDW-like models
under consideration. All models are consistent with
the VDW equation of state in the low-density limit.
Thus, in the region of small densities, the parameters
a and b in each model can really be regarded as the
VDW parameters.
The VDW parameters of the nucleon-nucleon inter-
action are fitted in each model to the properties of the
ground state of nuclear matter. The following range
of parameters is obtained: a = 330 ÷ 430 MeV fm3,
b = 2.5 ÷ 4.4 fm3. Fits within the standard VDW
model are found to underestimate the value of the
attraction parameter a. In the context of the EV
approach, the fits to the nuclear ground state disfa-
vor values of the effective hard-core radius of nucleon
smaller than 0.5 fm, at least in the nuclear matter
region of the phase diagram. This seems to be an
important constraint as the EV approach is very of-
ten employed in the hadronic physics applications, in
particular as an extension of the HRG model. Still,
the possibility of the temperature dependent effective
hard-core radius cannot be excluded.
Modifications to the standard VDW repulsion and
attraction terms allow to improve significantly the
value of the nuclear incompressibility factorK0, bring-
ing it closer to the empirical estimates. Among the
considered equations of state, the Clausius model with
the Carnahan-Starling repulsion term was found to
give the lowest value of K0 = 333 MeV, which yields
the best agreement with the available empirical esti-
mates. Remarkably, this two-parameter Clausius-CS
model gives a better description of the incompressibil-
ity than the two-parameter versions of the Walecka
(linear σ-ω) model (see e.g. [9] for a review). The
present formalism permits variation of the third pa-
rameter c in the Clausius model. The parameter c
can be varied in order to obtain the needed value of
K0. Thus, the Clausius model leaves room for further
improvement in the description of the nuclear matter
properties. A correlation between the K0 and the crit-
ical parameters Tc, nc, and pc of the nuclear liquid-gas
phase transition is observed: higher values of K0 gen-
erally correspond to larger (Tc, nc, pc) values, in line
with previous results obtained within other models of
the nuclear matter [39, 54–57].
The fluctuation signatures of the nuclear matter
critical point, namely the scaled variance, skewness,
and kurtosis, are also calculated within the quantum
statistical real gas models. All models show essentially
the same qualitative behavior of the critical fluctua-
tions. The comparison between the models illustrates
the universality of the critical behavior.
The main advantage of the proposed formal-
ism is that the real gas approach permits a rel-
atively straightforward generalization to the multi-
component hadron gas. This opens new applications
in the physics of the heavy-ion collisions, and of the
QCD equation of state. This is illustrated by the cal-
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culations within the HRG models with baryon-baryon
interactions. The calculations show that the behavior
of the baryon-related lattice QCD observables at zero
chemical potential correlates strongly with the nuclear
matter properties such as the nuclear incompressibil-
ity. An improved description of the lattice data for the
net baryon susceptibilities correlates with an improved
description of the nuclear incompressibility factor K0.
In particular, the Clausius-CS model is shown to be
considerably better than the standard VDW model
for the description of both, the nuclear matter prop-
erties, and the lattice QCD data. Further studies in
this direction are of interest.
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Appendix A: Ideal gas relations
This Appendix lists various thermodynamic functions of the ideal quantum gas in the GCE. They are used in
the calculations within the real gas models performed in this work. The pressure, the particle number density,
and the energy density read
pid(T, µ) =
d
6pi2
∫
dk
k4√
m2 + k2
[
exp
(√
m2 + k2 − µ
T
)
+ α
]−1
, (A1)
nid(T, µ) =
d
2pi2
∫
dk k2
[
exp
(√
m2 + k2 − µ
T
)
+ α
]−1
, (A2)
εid(T, µ) =
d
2pi2
∫
dk k2
√
m2 + k2
[
exp
(√
m2 + k2 − µ
T
)
+ α
]−1
, (A3)
sid(T, µ) =
εid(T, µ) + pid(T, µ)− µnid(T, µ)
T
, (A4)
where α = +1 for fermions (nucleons), α = −1 for bosons, and α = 0 for the Boltzmann approximation.
The kth moment nid(k)(T, µ) of the occupation number is
nid(k)(T, µ) =
d
2pi2
∫
dk k2
[
exp
(√
m2 + k2 − µ
T
)
+ α
]−k
. (A5)
where it is evident that nid(1)(T, µ) ≡ nid(T, µ).
The ideal gas cumulants (susceptibilities) χidk (T, µ) = ∂
k(pid/T 4)/∂(µ/T )k read
χid1 (T, µ) =
nid(T, µ)
T 3
, (A6)
χid2 (T, µ) =
nid(T, µ)− αnid(2)(T, µ)
T 3
, (A7)
χid3 (T, µ) =
nid(T, µ)− 3αnid(2)(T, µ) + 2α2 nid(3)(T, µ)
T 3
, (A8)
χid4 (T, µ) =
nid(T, µ)− 7αnid(2)(T, µ) + 12α2 nid(3)(T, µ)− 6α3 nid(4)(T, µ)
T 3
. (A9)
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Appendix B: Particle number fluctuations in real gas models
This Appendix describes the calculation procedure for the cumulants of the GCE particle number fluctuations
in the real gas models. Fluctuation measures up to the 4th order are considered. The process can be continued
in a systematic manner up to an arbitrarily high order. The following derivation is valid for any thermodynamic
system for which the free energy can be written in the form given by Eq. (10).
The cumulants χk(T, µ) = ∂
k(p/T 4)/∂(µ/T )k are related to the particle number density and its derivatives
with respect to the chemical potential µ
χ1(T, µ) =
n
T 3
, χ2(T, µ) =
1
T 2
(
∂n
∂µ
)
, χ3(T, µ) =
1
T
(
∂2n
∂µ2
)
, χ4(T, µ) =
(
∂3n
∂µ3
)
, (B1)
where all partial derivatives throughout this Appendix are taken at a constant temperature. Recall that
n = f(η)n∗, (B2)
and
µ∗ = µ+
b
4
f ′(η) p∗ − u(n)− nu′(n). (B3)
Taking the derivative of the above two equations with respect to µ one obtains the following system of equations
for (∂n/∂µ) and (∂µ∗/∂µ) [
1− b
4
f ′(η)n∗
](
∂n
∂µ
)
− f(η)χ∗2 T 2
(
∂µ∗
∂µ
)
= 0, (B4)[
−
(
b
4
)2
f ′′(η) p∗ + v′(n)
](
∂n
∂µ
)
+
[
1− b
4
f ′(η)n∗
](
∂µ∗
∂µ
)
= 1, (B5)
where v(n) ≡ u(n) + nu′(n) and χ∗k ≡ χidk (T, µ∗).
The system of equations (B4) and (B5) can be solved to obtain (∂n/∂µ) and (∂µ∗/∂µ), which in turn allows
one to calculate the χ2 from (B1). The following closed-form expression for ω[N ] = χ2/χ1 is obtained
ω[N ] = ω∗[N ]
{[
1− η f
′(η)
f(η)
]2
+
[
v′(n)− f ′′(η)
(
b
4
)2
p∗
]
nω∗[N ]
T
}−1
, (B6)
where ω∗[N ] = χ∗2/χ
∗
1 is the scaled variance ofc particle number fluctuations in the ideal gas. For the VDW
model (f(η) = 1− 4η, u(n) = −an), the scaled variance is
ω[N ] = ω∗[N ]
[
(1− bn)−2 − 2anω
∗[N ]
T
]−1
, (B7)
in perfect agreement with the previous results of Ref. [69].
The calculation of the higher order cumulants proceeds by iteratively differentiating equations (B4) and (B5)
with respect to the chemical potential, and by solving the resulting system of equations for the higher-order
derivatives of n and µ∗.
The following equations are obtained for the second-order derivatives (∂2n/∂µ2) and (∂2µ∗/∂µ2), which are
needed to calculate the χ3: [
1− b
4
f ′(η)n∗
](
∂2n
∂µ2
)
− f(η)χ∗2 T 2
(
∂2µ∗
∂µ2
)
= b
(2)
1 , (B8)[
−
(
b
4
)2
f ′′(η) p∗ + v′(n)
](
∂2n
∂µ2
)
+
[
1− b
4
f ′(η)n∗
](
∂2µ∗
∂µ2
)
= b
(2)
2 . (B9)
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with
b
(2)
1 =
(
b
4
)2
f ′′(η)n∗
(
∂n
∂µ
)2
+ 2
b
4
f ′(η)χ∗2 T
2
(
∂n
∂µ
)(
∂µ∗
∂µ
)
+ f(η)χ∗3 T
(
∂µ∗
∂µ
)2
, (B10)
b
(2)
2 =
[(
b
4
)3
f ′′′(η) p∗ − v′′(n)
](
∂n
∂µ
)2
+ 2
(
b
4
)2
f ′′(η)n∗
(
∂n
∂µ
)(
∂µ∗
∂µ
)
+
b
4
f ′(η)χ∗2 T
2
(
∂µ∗
∂µ
)2
. (B11)
Finally, the system of equations for the third-order derivatives (∂3n/∂µ3) and (∂3µ∗/∂µ3), needed for the
calculation of the χ4, is the following[
1− b
4
f ′(η)n∗
](
∂3n
∂µ3
)
− f(η)χ∗2 T 2
(
∂3µ∗
∂µ3
)
= b
(3)
1 , (B12)[
−
(
b
4
)2
f ′′(η) p∗ + v′(n)
](
∂3n
∂µ3
)
+
[
1− b
4
f ′(η)n∗
](
∂3µ∗
∂µ3
)
= b
(3)
2 . (B13)
with
b
(3)
1 =
(
b
4
)3
f ′′′(η)n∗
(
∂n
∂µ
)3
+ 3
(
b
4
)2
f ′′(η)χ∗2 T
2
(
∂µ∗
∂µ
) (
∂n
∂µ
)2
+ 3
(
b
4
)2
f ′′(η)n∗
(
∂2n
∂µ2
)(
∂n
∂µ
)
+ 3
b
4
f ′(η)χ∗2 T
2
(
∂2µ∗
∂µ2
)(
∂n
∂µ
)
+ 3
b
4
f ′(η)χ∗2 T
2
(
∂2n
∂µ2
) (
∂µ∗
∂µ
)
+ 3 f(η)χ∗3 T
(
∂2µ∗
∂µ2
)(
∂µ∗
∂µ
)
+ 3
b
4
f ′(η)χ∗3 T
(
∂n
∂µ
)(
∂µ∗
∂µ
)2
+ f(η)χ∗4
(
∂µ∗
∂µ
)3
, (B14)
and
b
(3)
2 =
[(
b
4
)4
f ′′′′(η) p∗ − v′′′(n)
](
∂n
∂µ
)3
+ 3
(
b
4
)3
f ′′′(η)n∗
(
∂µ∗
∂µ
)(
∂n
∂µ
)2
+
[
3
(
b
4
)3
f ′′′(η) p∗ − 3v′′(n)
](
∂2n
∂µ2
)(
∂n
∂µ
)
+ 3
(
b
4
)2
f ′′(η)n∗
(
∂2µ∗
∂µ2
)(
∂n
∂µ
)
+ 3
(
b
4
)2
f ′′(η)n∗
(
∂2n
∂µ2
)(
∂µ∗
∂µ
)
+ 3
b
4
f ′(η)χ∗2 T
2
(
∂2µ∗
∂µ2
)(
∂µ∗
∂µ
)
+ 3
(
b
4
)2
f ′′(η)χ∗2 T
2
(
∂n
∂µ
)(
∂µ∗
∂µ
)2
+
b
4
f ′(η)χ∗3 T
(
∂µ∗
∂µ
)3
. (B15)
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